Abstract. In this work, we use the extrapolation methods to study the existence and uniqueness of almost automorphic solutions to the semilinear boundary differential equation
Introduction
We are concerned with the existence and the almost automorphy of solutions of the semilinear boundary differential equation ( 
SBDE) x (t) = A m x(t) + h(t, x(t)), t ∈ R, Lx(t) = g(t, x(t)), t ∈ R.
The first equation stands in a Banach space X called state space, and the second in a "boundary space" ∂X; (A m , D(A m )) is a densely defined linear operator on X, and L : D(A m ) −→ ∂X is bounded linear, h : R × X −→ X and g : R × X −→ ∂X. This kind of equation is motivated by retarded differential equations in continuous functions spaces, by dynamic population equations in L 1 -space with semilinear birth processes, and by boundary control problems.
We assume that the operator A := A m | ker L generates a hyperbolic C 0 -semigroup on X and h(·, x), g(·, x) are almost automorphic functions on R for each x in X and globally Lipschitzian. Under additional assumptions, called Greiner assumptions (see Section 4), on the boundary operator L, we show that there is a unique almost automorphic mild solution to (SBDE) which satisfies a variation of constant formula.
The idea to achieve this aim is to transform the boundary equation (SBDE) (see Section 4) into an equivalent semilinear evolution equation as follows:
x (t) = A −1 x(t) + h(t, x(t)) + (λ − A −1 )L λ g(t, x(t)), t ∈ R,
where A −1 is the continuous extension of A to the extrapolated Banach space X −1 of X with respect to A. Under the Greiner assumptions on L, the operator L λ := (L| ker(λ − A m )) −1 , called the Dirichlet map of A m , is bounded from ∂X to X, and the semilinear term f (t, x) := h(t, x)+(λ−A −1 )L λ g(t, x) is an F A −1 -valued function, where F A −1 is the Favard class of A −1 , which is a larger Banach space than X. Although this equation is written in X −1 , the task is to show the existence of mild solutions in X. For the mentioned notions, see Section 2 for definitions and [9] for more details. The extrapolation theory has been introduced by Da Prato and Grisvard [6] and Nagel [9] and used for various purposes; see [1, 2, 3, 4, 15, 17, 21] .
According to this transformation, we begin in Section 3 by studying the existence of almost automorphic solutions of the semilinear evolution equation
where A −1 is the extrapolation of a generator A of a hyperbolic C 0 -semigroup (T (t)) t≥0 on a Banach space X. The semilinear term f is defined on R × X with values in the extrapolated Favard class F A −1 . We show first that the inhomogeneous evolution equation
has a unique almost automorphic mild solution on X for each almost automorphic function g : R −→ F A −1 , and this yields by the above equivalence the existence of almost automorphic solutions of the inhomogeneous boundary differential equation
The contraction fixed point theorem then yields the unique almost automorphic mild solution on X for the semilinear evolution equation (SEE), and thus the one of the boundary differential equation (SBDE). In the particular case where g = 0 and h 2 = 0, the boundary equations (SBDE) and (IBDE) become
evolution equations on X, which are much considered in the literature. The almost automorphy of such equations was studied in [8, 10, 13, 18, 19, 20] , where the exponential stability of (T (t)) t≥0 is required. Recently, the hyperbolic case was treated by the authors in [5] .
In the last section of this paper, we apply the abstract results to the retarded differential equation
where B generates a C 0 -semigroup (S(t)) t≥0 on a Banach space E and f is a nonlinear function from Actually, the problem of finding an almost automorphic solution to inhomogeneous differential equations goes back to S. Bochner and W. A. Veech, and has attracted many mathematicians (see [14] , [18] , [20] and [22] for exhaustive lists of references). In [14] , for instance, Russell A. Johnson has shown that the almost periodic ODE x + A(t)x = B(t) admits no almost periodic solution. He constructed an interesting example of a two-dimensional almost periodic system whose projective flow has an almost automorphic minimal subset which is not almost periodic. He also proved that some equation in the hull of the above equation admits an almost automorphic solution which is not almost periodic.
Preliminaries
We begin in this section by fixing some notations and recalling a few basic results on extrapolation spaces of generators. For more details, we refer the reader to [9] and [17] . Let (A, D(A)) be the generator of a C 0 -semigroup (T (t)) t≥0 on a Banach space X.
Define on X a new norm by
The completion of X, · −1 is called the extrapolation space of X associated to A and will be denoted by X −1 . By the resolvent equation, the space X −1 does not depend on λ.
Since T (t) commutes with the operator resolvent R(λ, A) := (λI − A) −1 , the extension of T (t) to X −1 exists and defines a C 0 -semigroup (T −1 (t)) t≥0 which is generated by A −1 with D(A −1 ) = X.
We recall that the Favard class associated to a generator A (or T (·)) is the Banach space
endowed with the norm
Here ω > ω 0 (T (·)), the growth bound of T (·). We note that F A is independent of the choice of ω, contains the domain of A,
is an isomorphism for every λ ∈ ρ(A). In the case when X is a reflexive Banach space, the Favard class associated to T (·) is exactly the domain of its generator (see, e.g., [9, Section. II.5.b] for more properties). A C 0 -semigroup (T (t)) t≥0 is said to be hyperbolic if it satisfies the following properties:
(i) there exist two subspaces X S (the stable space) and
where P S and P U are, respectively, the projections onto X S and X U .
In the sequel we need the following main proposition.
Proposition 2.1 ([2]).
Assume that the semigroup T (·) is hyperbolic. Then:
(ii) (T (t)) t≥0 is a stable C 0 -semigroup on X S = P S X with generator P S A, and (T (t)) t∈R is a C 0 -group on X U = P U X with generator P U A. (iii) P S and P U can be extended on X −1 to two unique bounded operators P S,−1 and P U,−1 .
We need also the following fundamental lemma; see [2] . 
We end this section by recalling the definition of almost automorphic functions and some of their properties.
Definition 2.3 (S. Bochner). A continuous function
This is equivalent to
The function g in the definition above is measurable, but not necessarily continuous. Clearly, if the convergence in the definition above is uniform in t ∈ R, then f ∈ AP (X), the space of all almost periodic functions with values in X. That is,
It is well known that the range R f = f (R) of an almost automorphic function f : R → X is relatively compact in X, thus it is bounded in norm. Also, the collection AA(X) of all almost automorphic X-valued functions is a Banach space under the supnorm f AA(X) = sup t∈R f (t) .
Remark 2.4. An almost automorphic function may not be uniformly continuous.
Example 2.5 (Levitan). Let p(t)
Since almost periodic functions (in Bochner's sense) are uniformly continuous, the above remark is very important and indicates that many results and methods in the theory of almost periodicity may not stand in almost automorphy framework. For a complete background on almost automorphic functions one can see [18] , [20] , and the important Memoirs [22] for almost automorphic dynamics.
Main abstract results
Consider a generator A of a hyperbolic C 0 -semigroup (T (t)) t≥0 on a Banach space X, and the semilinear evolution equation
The function f : R × X −→ F A −1 is continuous and globally Lipschitzian, i.e., there is k > 0 such that
By a mild solution of (SEE) we will understand a continuous function x : R −→ X, which satisfies the following variation of constants formula
We study first the existence of almost automorphic mild solutions for the inhomogeneous evolution equation
We have the following main result.
Proof. Let x(·) be the function defined for all t ∈ R by
By Lemma 2.2, x(·) is a bounded continuous function from R to X. Moreover, one can see easily that x(·) satisfies the variation of constants formula
that is, x(·) is a bounded mild solution of (IEE). To show the uniqueness, let u be a bounded continuous function R −→ X satisfying
Then, from Proposition 2.1, we get
Since u is bounded, then, by using the estimates (2.2), Lemma 2.2 and by letting s → −∞ in (3.4) and s → +∞ in (3.5), we obtain
Consequently, by the decomposition of the space X, we obtain that u(t) = x(t), and the uniqueness is proved. To show that the mild solution x is almost automorphic, let (s n ) be an arbitrary sequence of real numbers; then it has a subsequence (s n ) such that lim n,m g(t + s n − s m ) = g(t) in F A −1 for each t ∈ R, since g ∈ AA(F A −1 ). From Lemma 2.2, we have
Therefore, lim n,m→∞ x(t + s n − s m ) − x(t) = 0 for each t ∈ R. Now, we come back to study the asymptotic behavior of (SEE). To this end, let AA(R × Y, X), for some Banach spaces X and Y , denote the set of continuous functions f :
Consider now y ∈ AA(X) and f ∈ AA(R × X, F A −1 ). Then, by [20, Theorem 2.2.4], the function g(·) := f (·, y(·)) ∈ AA(F A −1 ) and from Theorem 3.1, the inhomogeneous evolution equation
admits a unique mild solution x ∈ AA (X) given by
Let the operator F : AA (X) −→ AA (X) be defined by (F y)(t) : y(s) )ds for all t ∈ R, and assume that kC < δ 2 , where C is the constant defined in Lemma 2.2. Then, we have for any x, y ∈ AA (X),
This shows that F has a unique fixed point in AA (X), and consequently we have the following theorem.
admits a unique mild solution x in AA (X), which satisfies the variation of constants formula
Semilinear boundary differential equations

Consider the semilinear boundary differential equation (SBDE) x (t) = A m x(t) + h(t, x(t)), t ∈ R, Lx(t) = g(t, x(t)), t ∈ R.
Here 
X). (A2) The restriction
One can see that under (A1)-(A2) and for some λ ∈ ρ(A) the maximal domain X m can be decomposed as
see [11] . Thus, the restriction L : ker(λ − A m ) → ∂X is then a bijection and its inverse is the so-called Dirichlet operator L λ ∈ L(∂X, X) and L λ L is a projection onto ker(λ − A m ). From (4.2), one can show also that
It is shown also in [11] that
We know also from [7] that the assumption (A4) is equivalent to the fact that the operator
Recall here that x : R −→ X is a mild solution of (SBDE) if for all t ≥ s, t, s ∈ R, we have
In the following lemma we show the equivalence between the boundary equation (SBDE) and an evolution equation.
Lemma 4.1. Assume that (A1)-(A3) are satisfied. A function x is a mild solution of the boundary equation (SBDE ) if and only if x is a mild solution of the semilinear evolution equation on X,
Proof. Let x be a mild solution of (SBDE). Then, since Range(L 0 ) ⊂ ker(A m ) and from (4.3), we have
The last equation is equivalent to the fact that x satisfies the variation of constants formula (3.3), and then is a mild solution of (SEE). Now let x be a mild solution of (SEE), that is, x satisfies
Since x is an X-valued function, then
, and
This yields easily that x satisfies (i)-(iii) above. This achieves the proof.
We can now announce the main result of this section.
Theorem 4.2. Assume that (A1)-(A5) are satisfied, and that the functions g ∈ AA(R × X, ∂X), h ∈ AA(R × X, X) are globally Lipschitzian with small constants.
Then the semilinear boundary differential equation (SBDE ) has a unique almost automorphic mild solution x satisfying, for all t ∈ R,
Proof. From equations (2.1), (4.4) and (4.5), A −1 L 0 is a bounded operator from ∂X to F A −1 . Hence, since g ∈ AA(R × X, ∂X) and h ∈ AA(R × X, X) and from the injection
. This function is also globally Lipschitzian with a small constant. Hence, by Theorem 3.2 there is a unique mild solution x ∈ AA(X) of the equation (SEE), satisfying
from which we deduce the variation of constants formula (4.6). The above lemma yields that x is the unique almost automorphic mild solution of (SBDE).
Retarded differential equations
Consider the semilinear retarded differential equation
where B generates an immediately compact or norm continuous C 0 -semigroup (S(t)) t≥0 on a Banach space E, g is a function from
This equation can be written as a boundary differential equation, by setting
From the closedness of B, (X m , | · |) is a Banach space, and it is continuously embedded in X, and hence (A1) is satisfied. The boundary operator L is defined on 
and it generates a C 0 -semigroup (T (t)) t≥0 on X; see for instance, [9, Theorem 6.1] and [23] . This yields the assumption (A2). From [9, Thm. 6.6, Thm. 6.9], this semigroup is eventually (for t > r ) compact (resp. norm continuous) if (S(t)) t≥0 is immediately compact (resp. norm continuous).
We have also, from [9, Proposition 6.7] , that σ(A) = σ(B). If we assume now that σ(B) ∩ iR = ∅, then the semigroup (T (t)) t≥0 is hyperbolic. It is well known that the operator B generates an immediately compact semigroup in E, and that λ ∈ σ(B) if and only if there exists n ∈ N such that (E n ) λ = α − n 2 .
If we suppose, for instance, 3 < α < 4, then all solutions of the equations (E n ) are in C\iR. Therefore, (E 1 ) admits a positive real solution. We deduce that the type of B is not negative and σ(B) ∩ iR = ∅. Then all assumptions of Theorem 5.1 are satisfied and thus one has the same conclusion for the retarded differential equation (5.1).
